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Analyses of upcoming galaxy surveys will require careful modelling of relevant observables such
as the power spectrum of galaxy counts in harmonic space C`(z, z
′). We investigate the impact of
disregarding relevant relativistic effects by considering a model of dark energy including constant
sound speed, constant equation of state w0, and anisotropic stress. Here we show that neglecting the
effect of lensing convergence will lead to substantial shifts in cosmological parameters such as the
galaxy bias b0, the value of the dark energy equation of state today w0, and the Hubble constant H0.
Interestingly, neglecting the effect of lensing convergence in this kind of models results in shifting
H0 downwards, something which could shed light on the current tension between local and CMB
determinations of the Hubble constant.
I. INTRODUCTION
Two decades after the discovery of the accelerating ex-
pansion of the Universe [1, 2] there is not yet a convincing
explanation for this phenomenon. Although the ΛCDM
model is in very good agreement with most of the cur-
rent data sets [3–6], the standard model of cosmology
is not the only successful phenomenological fit to the
data. As a result two leading alternative approaches have
emerged: on the one hand, Dark Energy (DE) models,
and on the other hand, the so–called Modified Gravity
(MG) models. DE models may utilize scalar fields (e.g.,
quintessence, K–essence, phantom) as a new ingredient
in the model providing the pressure conditions which ac-
celerate the Universe at late times [7, 8]. MG models
change the gravity sector in the Einstein equations (e.g.,
f(R) models, massive gravity, DGP) in order to achieve
the recent speeding–up phase in the Universe [9].
A key goal for upcoming experiments (e.g., galaxy sur-
veys, CMB experiments, gravitational wave detectors)
will be to discriminate among different explanations for
the current accelerated expansion. Both DE models and
MG models imply modifications to the Friedmann equa-
tions. However, these modifications can be negligible
with respect to the standard model: in other words, the
models can be fully degenerated at the background level.
A clear example of this situation is the so–called ‘designer
model’ where it is possible – in an effective fluid inter-
pretation of modifications to General Relativity – to find
a family of f(R) models having equation of state w = −1
[10–14]. We have recently shown in Ref. [15] that it is
also possible to find ‘designer models’ in the context of
Horndeski theories.
It is thus necessary to go beyond the background level
in order to break degeneracies among different models.
Perturbations in both Cosmic Microwave Background
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(CMB) and matter distribution are decisive observables
because their statistical properties allow us to further
distinguish cosmological models [16–18]. Although invis-
ible, DE and Dark Matter (DM) perturbations have an
impact on these observables which can in turn be used
to constrain DE and MG models [19–23] .
A fluid can be parametrised by its equation of state
w, its sound speed c2s, and its anisotropic stress pifld [24].
For DE models both c2s and pifld are currently undeter-
mined and their detection might be very significant. The
sound speed c2s is related to the level of clustering in DE
perturbations [23]. The anisotropic stress can act as a
source for matter perturbations and therefore might leave
detectable traces in the angular matter power spectrum
[19, 25, 26]. The presence of anisotropic stress might be
conclusive to discriminate MG and DE models [27, 28].
Furthermore, DE anisotropic stress pide plays a partic-
ularly important part in distinguishing models for the
late–time universe. On the one hand, simple single–
field DE models, such as quintessence and K–esence,
have a vanishing anisotropic stress pide = 0 [24]. On
the other hand, MG models, such as f(R) models and
DGP, generically possess a non–zero anisotropic stress
[10, 14, 15, 29, 30]. Therefore the detection of a non van-
ishing DE anisotropic stress would rule out the simplest
DE models thus throwing light on the problem of the
late–time accelerating universe [27, 28].
Signatures of DE anisotropic stress are expected from
differences in the gravitational potentials ψ 6= φ as well
as their late–time evolution, that is, φ′, ψ′ 6= 0 [21]. The
Integrated Sachs Wolf (ISW) effect and the lensing po-
tential are key when trying to get information about the
gravitational potentials and their evolution [31]. Two
main complementary probes are known to be sensitive
to these effects: fluctuations in both CMB and Num-
ber Counts (NC). Therefore, by measuring fluctuations
in the CMB and NC we would in principle be able to
constrain important quantities such as the neutrino mass
scale and DE anisotropic stress. Achieving this goal is
of crucial importance for understanding the cosmological
evolution and will require careful modelling of the under-
lying physical phenomena whether biased constraints are
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2to be avoided.
A couple of phenomenological models for DE aniso-
tropic stress were proposed not long ago in Ref. [19].
Firstly, it was considered that the DE anisotropic stress
is sourced by the matter comoving density perturbation,
namely, pide ∝ ∆m, which is the kind of anisotropic stress
present in DGP models and possibly in interacting DE
models. Secondly, the authors considered a model where
the DE anisotropic stress is internally sourced by DE per-
turbations, that is, pide ∝ ∆de. This sort of anisotropic
stress is generically found in f(R) models when modi-
fications to gravity are interpreted as an effective fluid
[14].
By using mainly CMB data and background data (e.g.,
supernova type Ia [SNe], Baryon Acoustic Oscillations
[BAO]) constraints on these kind of DE anisotropic mod-
els were found in Ref. [19]. Recently, the internally
sourced DE anisotropic stress was further studied in the
context of interacting DE-DM scenarios in Ref. [32]. The
results in Refs. [19, 32] show that externally sourced DE
anisotropic stress is consistent with zero and that there is
still room for a non–vanishing internally sourced DE an-
isotropic stress. These constraints could be significantly
improved with the inclusion of lensing data as well as NC
from future galaxy surveys such as Euclid.1
Observations of the matter density fluctuations are im-
portant because they provide complementary informa-
tion to the CMB anisotropies thus allowing the break-
ing of degeneracies in cosmological parameters as well
as tightening constraints. Quantities which are currently
unconstrained such as the neutrino mass scale, DE aniso-
tropic stress, and the DE sound speed could in principle
be determined by the use of NC in the analysis. As time
goes by, galaxy surveys are probing scales comparable
to the horizon and careful modeling of NC is required.
Therefore, relativistic effects such as lensing convergence
cannot be neglected any longer since this could lead to
spurious detections of the neutrino mass [33]. This would
be important, as the mass enters the background density
and pressure parameters of the neutrinos and affects the
expansion of the Universe, especially at early time. For
exact analytic expressions for the density and pressure
for massive neutrinos, see Ref. [34].
The importance of the inclusion of lensing convergence
in the analysis of future galaxy surveys has been previ-
ously considered. The impact on the detection of local-
type non-Gaussianity was studied in Ref. [35] where au-
thors concluded that a proper account of the magnific-
ation effect is quite essential for an unbiased estimate
of primordial non-Gaussianity. In Ref. [36] the effect of
neglecting lensing convergence when constraining cosmo-
logical parameters such as the equation of state w was
investigated; the study revealed that if the flux mag-
nification is incorrectly neglected, then bias in inferred
1 https://www.euclid-ec.org/
w can be many times larger than statistical uncertain-
ties for a Stage IV space-based photometric survey. Not
long ago, authors in Ref. [33] showed that no inclu-
sion of lensing convergence would lead to biased cos-
mological constraints including a spurious detection of
the neutrino mass scale. Finally, the importance of tak-
ing into consideration lensing magnification was studied
in Ref. [37] where authors considered extensions to the
ΛCDM model, Horndeski-like parametrisations of scalar-
tensor theories, and a large-scale contribution of prim-
ordial non-Gaussianity to the galaxy power spectrum.
They confirmed that it will be necessary to model and
account for lensing magnification in order to avoid strong
biases on dark energy parameters and the sum of neut-
rino masses.
Previous studies have shown the importance of includ-
ing lensing convergence in analyses of upcoming galaxy
surveys for a number of cosmological models. However,
the impact of neglecting this contribution to the galaxy
power spectrum has thus far not been studied for cosmo-
logical models including both DE sound speed and DE
anisotropic stress. The purpose of this article is twofold.
First, we will examine to what extent cosmological mod-
els modelling DE with w, pide, c
2
s can remove the bias on
the neutrino mass and in the equation of state found in
Refs. [33, 36, 37], if lensing convergence is neglected in
the analysis. Second, we will forecast to what extent an
Euclid-like galaxy survey will constrain the cosmological
parameters in this kind of cosmological models.
The paper is organized as follows. First, in Sec. II
we will discuss the perturbation equations for a generic
fluid described by equation of state, sound speed, and
anisotropic stress; we will also give details about the phe-
nomenological DE anisotropic stress models that we con-
sider. Second, in Sec. III we explain the way we carry out
the forecast using a MCMC approach. Third, Secs. IV-
V respectively present our results for a DE anisotropic
stress sourced by matter perturbations and DE perturb-
ations. Fourth, we conclude in Sec. VI.
II. ANISOTROPIC DARK ENERGY
Since astrophysical observations indicate that the Uni-
verse on large scales is statistically homogeneous and iso-
tropic [38, 39], we will assume a Friedmann-Lemaˆıtre-
Robertson-Waker (FLRW) metric including tiny inhomo-
geneities which can be treated within linear perturbation
theory. In this section we will provide the linear order
perturbation equations for a generic fluid including an-
isotropic stress and also discuss the DE anisotropic stress
models that we will study.
3A. Perturbation equations
In the longitudinal gauge the perturbed FLRW metric
reads
ds2 ≡ gµνdxµdxν , (1)
= a(η)2
[−(1 + 2ψ(η,x))dη2 + (1− 2φ(η,x))d~x2]
where η is the conformal time, a is the scale factor, and
ψ and φ are the gravitational potentials.2
The conservation of the energy-momentum tensor Tµν
for a generic fluid, that is, Tµν;ν = 0, leads to the continu-
ity and Euler equations
δ′ + 3H
(
δP
ρ
− wδ
)
+ (1 +w)kv − 3(1 +w)φ′ = 0, (2)
v′ +H(1− 3c2a)v − k
(
ψ +
δP
ρ(1 + w)
− 2pifld
3(1 + w)
)
= 0,
(3)
where the adiabatic sound speed is
c2a ≡ w −
w′
3H(1 + w) , (4)
the density contrast is
δ ≡ δρ
ρ
, (5)
the equation of state is
w ≡ P
ρ
, (6)
and v stands for the velocity perturbation, k is the wave-
number, δP the pressure perturbation, pifld is the an-
isotropic stress of the fluid, and the conformal Hubble
parameter is
H ≡ a
′
a
= aH, (7)
with H the physical Hubble parameter.
In this paper we will only focus on scalar perturba-
tions. There are consequently two independent Einstein
equations which can be written as
− k2φ = 4piGa2
∑
i
ρi∆i, (8)
k2(φ− ψ) = 8piGa2
∑
i
ρipii (9)
2 In this paper we set the speed of light c = 1 and adopt the
convention that a prime stands for the derivative with respect to
the conformal time.
where the index i runs over different matter species (e.g.,
radiation, baryonic matter, dark matter, dark energy), G
is the bare Newton’s constant, while the comoving dens-
ity perturbation is defined as
∆i ≡ δi + 3(1 + wi)Hvi
k
. (10)
We will follow Ref. [19] and model the pressure per-
turbation as
δP
ρ
= c2sδ + 3(1 + w)(c
2
s − c2a)
H
k
v, (11)
where we define the effective, non–adiabatic sound speed
of the fluid in its rest–frame as
c2s ≡
δP
δρ
. (12)
It is instructive to rewrite the system of first order dif-
ferential equations in Eqs. (2)-(3) as a single second order
differential equation. Combining these two equations we
obtain
δ′′ + (1− 6w)Hδ′ + 3H
(
δP
ρ
)′
− 3Hw′δ
+ 3
[
(1− 3w)H2 +H′
](δP
ρ
− wδ
)
= 3(1 + w)
[
φ′′ +
(
1− 3w + w
′
(1 + w)H
)
Hφ′
]
− k2
[
(1 + w)ψ +
δP
ρ
− 2
3
pifld
]
. (13)
Under both subhorizon and quasi-static approximations,
the right-hand side of Eq. (13) becomes
k2
[
(1 + w)ψ +
δP
ρ
− 2
3
pifld
]
≈ k2
[
c2s∆−
2
3
pifld
]
, (14)
where we use Eqs. (10)-(11). It is easily seen that un-
der these approximations and when the anisotropic stress
is internally sourced by the fluid perturbations, that is,
pifld ∝ ∆, it is possible to define an effective sound speed
as
c2eff ≡ c2s −
2fpi
3
, (15)
where fpi is a constant. The stability of the perturbations
in the fluid is thus driven by the effective sound speed in
Eq. (15).
In what follows we will assume that DE can be modeled
as a generic fluid with a constant equation of state w,
pressure perturbation given by Eq. (11), constant sound
speed c2s, and anisotropic stress pide given by the models
in the next subsection.
4B. Models of anisotropic dark energy
Here we will explain a couple of phenomenological DE
anisotropic stress models that we will study in the re-
maining part of the paper, but we will also describe a
few phenomenological aspects, such as the effect of the
anisotropic stress on the CMB and number counts.
1. Externally sourced anisotropic stress
At least two reasons motivate the study of our first
DE anisotropic stress model. Firstly, when consider-
ing the quasi-static limit, it is known that in the Dvali-
Gabadadze-Porrati (DGP) cosmological model the grav-
itational potentials are directly linked to the matter per-
turbations via functions which depend on the scale factor
[29]. As a result, the difference in the gravitational po-
tentials, φ−ψ, hence the anisotropic stress, also depends
on the matter perturbations [28].
Secondly, since the dark sector is largely unknown
there exist cosmological models where dark matter
and dark energy are allowed to interact with each
other. In this kind of models dark matter perturba-
tions could source dark energy perturbations due to coup-
lings between the two species. Taking into consideration
these motivations, a simple DE anisotropic stress model
sourced by matter perturbations would be [19]
pide = epia
n∆m, (16)
where subscripts ‘de’ and ‘m’ respectively stand for ‘dark
energy’ and ‘matter’, and epi and n are constants. Fol-
lowing Ref. [19], we will further simplify the model in
Eq. (16) by setting n = 0.
2. Internally sourced anisotropic stress
We have recently shown in Ref. [15] that under both
subhorizon and quasi-static approximations, there exist
a remaining subclass of Horndeski theories having a non-
vanishing anisotropic stress. It turns out that the DE
anisotropic stress depends on the DE density perturba-
tions through a prefactor involving both time- and scale-
dependence. In particular, we found in Ref. [14] that DE
anisotropic stress for f(R) models reads
pide(a) =
k2
a2 f1(a)
1 + k
2
a2 f2(a)
δde(a) (17)
where f1(a) =
F,R
F (1−F ) , f2(a) =
(2−3F )F,R
F (1−F ) , F ≡ df(R)dR
and F,R ≡ d
2f(R)
dR2 . DE anisotropic stress in Eq. (17) is
reminiscent of the phenomenological model 2 in Ref. [19]
which is given by
pide =
fpi
1 +
(
gpi
H
k
)2 ∆de, (18)
where fpi and gpi are constants.
III. METHODOLOGY
Analyses of galaxy number counts will be of paramount
importance for cosmology. Fluctuations in the NC have
different systematics, break degeneracies, and certainly
improve cosmological constraints [16]. In the usual ap-
proach galaxy number counts are compared to the pre-
dicted matter power spectrum of matter density fluctu-
ations P (k, z). This quantity has however a few disad-
vantages.
Firstly, it is not directly observable and assumptions
are made when dealing with the data. Since galaxy sur-
veys measure both redshifts and angles one must assume
a distance–redshift relation, which depends on cosmolo-
gical parameters such as Ωm, to have the data points in
physical space (as opposed to redshift space) where it is
possible to compute the power spectrum.
Secondly, it is not trivial to include lensing effects in
the standard matter power spectrum approach P (k, z)
because lensing inherently mixes different scales. The
alternative approach using the power spectrum in har-
monic space C`(z, z
′) might avoid these drawbacks, as
this approach makes no model assumptions in dealing
with the data and the power spectrum in harmonic space
is an observable. Moreover, the relevant relativistic ef-
fects such as lensing convergence and redshift space dis-
tortions (RSD) are easily included [40].
In this paper we will use the power spectrum in har-
monic space C`(z, z
′) to estimate the bias of cosmological
parameters due to neglecting lensing convergence in ana-
lyses of upcoming galaxy surveys. We will follow the
approach in Ref. [33] and compute the power spectrum
in harmonic space with the code CLASSgal [41]. Overall,
the procedure is as follows:
• For a given fiducial model, we compute the “ob-
served” Cobs` which include matter perturbations,
RSD, and lensing convergence.
• We carry out Markov chain Monte Carlo (MCMC)
analyses using the “theory” Cth` in two cases: i)
consistently including lensing ii) neglecting lensing.
The CLASSgal code requires survey specifications
(e.g., number of galaxies per redshift and per steradian,
galaxy density, magnification bias, covered sky fraction,
galaxy bias) to compute the power spectrum in harmonic
space. In this work we will utilise a survey configur-
ation which is consistent with the Euclid photometric
catalogue. These survey specifications were given in Ap-
pendix A of Ref. [33] and our implementation is exactly
the same.
The cosmological models we will investigate in this
work are relatively simple extensions of the standard
model ΛCDM. Throughout the paper we assume flatness,
include massive neutrinos with a normal mass hierarchy
(dominated by the heaviest neutrino mass eigenstate),
and model DE as a fluid described by three quantities,
namely: a constant equation of state w, a constant sound
5speed c2s, and a DE anisotropic stress pide. We will carry
out the analysis for two fiducial models consistent with
both DES and Planck [3, 42]. Cosmological parameters
for both fiducial models will only differ in the dark energy
anisotropic stress model employed and the sound speed
of DE perturbations.
Therefore, the remaining set of cosmological paramet-
ers will be common to both models and given by: the
reduced baryon density parameter, h2Ωb = ωb = 2.218×
10−2; the cold dark matter density parameter, h2Ωcdm =
ωcdm = 0.1205; the sum of neutrino masses,
∑
mν = 0.06
eV; the equation of state for dark energy, w = −0.80; the
Hubble constant, H0 = 66.93 kms
−1Mpc−1; the amp-
litude of curvature fluctuations, ln 1010As = 3.056; the
scalar spectral index, ns = 0.9619. Our two fiducial mod-
els are finally specified by:
1. Fiducial model I: sound speed of DE perturba-
tions c2s = 1 and DE anisotropic stress given by Eq.
(16) with epi = 0 and n = 0.
2. Fiducial model II: sound speed of DE perturba-
tions c2s = 4.3 and DE anisotropic stress given by
Eq. (18) with fpi = 5 and gpi = 1.
Note our fiducial models are consistent with previous con-
straints (see, for instance, Ref. [19]).
In order to carry out the statistical analysis for our
forecast we need to take into consideration a few points
that we will now briefly discuss. First, since galaxy num-
ber counts are discrete tracers of the underlying dark
matter distribution it is necessary to take into account
Poisson shot noise in our analysis. Second, an additional
source of error is our relative ignorance about the non–
linear behaviour of NC fluctuations; we take this uncer-
tainty into account by adding a non–linear error term
which is computed as a rescaling of the transfer func-
tions based on the HALOFIT corrections to the power
spectrum.3
Having shot–noise and non–linear errors into account,
we model the angular power spectrum of number count
fluctuations as
CA, ij` = C
ij
` + E
ij
` +N−1δij , (19)
where A = obs, th, and i, j = 1, ..., Nbin are redshift bin
indices, Eij` is the non–linear error term, N is the number
of galaxies per steradian. Here ‘obs’ and ‘th’ respectively
stand for ‘observed’ and ‘theory’, whereas Nbin is the
number of bins that we set to Nbin = 5.
In our MCMC analysis we follow Ref. [33]. We use
wide flat priors unless we specify it differently and imple-
ment a Gaussian likelihood which allows us to compute
3 In the MCMC analysis the parameter dependence of the non–
linear error term is neglected, that is, Eij` in Eq. (19) is only
computed for the fiducial model.
a χ2 relative to the fiducial model given by
∆χ2 =
`max∑
`=2
(2`+ 1)fsky
(
ln
dth`
dobs`
+
dmix`
dth`
−Nbin
)
, (20)
where fsky is the covered sky fraction, d
A
` ≡ det(CA,ij` )
and dmix` is computed like d
th
` but substituting in each
term of the determinant one factor by Cobs,ij` . The total
dmix` is obtained by adding all different possibilities for
the insertion of Cobs,ij` .
4 To be conservative and keep
careful control of non–linear effects, we choose `max =
400 in the analysis.
IV. FORECAST MODEL I: pide ∝ ∆m
In this section we will present results for our analysis of
the cosmological model including a DE anisotropic stress
given by Eq. (16) with n = 0. First, we will discuss
forecast including flat priors. Then, we will focus on
an analysis where information from CMB anisotropies is
included.
A. MCMC with flat priors
Here we will carry out the statistical analysis previ-
ously explained including flat prior bounds given in Table
I. We will determine the bias of the cosmological para-
meters due to neglecting lensing convergence by fitting
the fiducial Cobs` with C
th
` where lensing convergence is
i) consistently included and ii) wrongly neglected.
Our results are shown in Fig. 1 and summarised in
Table II. We see in Fig. 1 68% and 95% confidence con-
tours for a model consistently including lensing conver-
gence (red) and for a model neglecting lensing conver-
gence (blue); the vertical dashed lines and the horizontal
dotted lines indicate parameters in our fiducial model.
From the red contours we can see that our Euclid-like
configuration can determine most parameters in the fi-
ducial model; there is however a ≈ 2 − 3σ shift in the
sound speed c2s. This is however expected as galaxy sur-
veys would not be able to accurately determine the sound
speed if its value is close to the speed of light (see, for
instance, Ref. [44]) which happens to be the case in our
fiducial model.
According to the blue contours depicted in Fig. 1, an
analysis neglecting lensing convergence would induce sig-
nificant bias (& 2σ) in the sound speed c2s, the equation
of state w, and the anisotropic stress parameter epi. In-
terestingly, both the spurious detection of the neutrino
absolute mass scale as well as the strong bias in the spec-
tral index ns found in Refs. [33, 37] are removed in this
4 More details and an example can be found in Ref. [43].
6Parameter Range
ωb [10
−4, 10−1]
ωcdm [10
−4, 1.]
ns [0.09, 2.]
ln 1010As [ln 10
−1, ln 103]
H0
(
km
s·Mpc
)
[30, 90]
mν (eV) [0, 2]
b0 [0, 3]
c2s [10
−10, 1.]
w [−2,−0.3]
epi [−2, 2]
log c2eff [−3000, 0]
log gpi [−30, 30]
fpi [−3000, 10]
Table I. Flat prior bounds used in the MCMC analyses.
kind of cosmological models. We also note that the blue
contours show a degeneracy between the equation of state
w and the DE anisotropic stress parameter epi; according
to the degeneracy direction, the strong bias in w would
not go away even when considering cosmological models
where epi → 0 in agreement with results in Ref. [36].
B. MCMC taking into account Planck constraints
Here we will discuss the results for a more realistic ana-
lysis including information from the Planck satellite. We
use the publicly available 2015 Planck likelihood imple-
mented in the code MontePython [45, 46] to find cosmo-
logical constraints via a MCMC analysis. The output of
this analysis allowed us to compute the covariance matrix
C for the parameters ~x = (ωb, ωcdm, ns, ln 10
10As, epi).
We then repeat the analysis explained in the previ-
ous subsection assuming a Gaussian distribution for the
prior. The χ2 relative to the fiducial model including the
Planck prior is then the ∆χ2 in Eq. (20) plus
∆χ2prior =
∑
i,j
(xi − xfidi )C−1ij (xj − xfidj ), (21)
where ~xfid denotes parameters of the fiducial model and
C−1 is the inverse of the covariance matrix.
The results are shown in Fig. 2 and Table III. We again
see that a consistent analysis taking into consideration
lensing convergence (red contours) can determine most
parameters except the sound speed which is again biased
by ≈ 2σ with respect to the fiducial value. The blue
contours represent an inconsistent analysis which neg-
lects lensing. In this case several parameters including
H0, b0, c
2
s, and w are biased to a great degree (& 3σ).
Interestingly, one does not obtain neither the spurious de-
tection of neutrino mass found in Ref. [33] nor the biased
DE anisotropic stress parameter found in the previous
subsection. The latter was expected because, as shown
i) Consistently including lensing: ∆χ2 = 0
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02071 0.02193 0.00293 0.5σ 0.1σ
ωcdm 0.1184 0.1200 0.0115 0.2σ < 0.1σ
ns 0.9699 0.9651 0.0334 0.2σ 0.1σ
ln 1010As 2.952 3.041 0.094 1.1σ 0.2σ
H0
(
km
s·Mpc
)
65.19 66.72 3.06 0.6σ 0.1σ
mν (eV) 0.14 0.06 0.10 0.8σ < 0.1σ
b0 1.063 1.004 0.057 1.1σ 0.1σ
c2s 0.432 0.208 0.282 2σ 2.8σ
w −0.77 −0.79 0.04 0.7σ 0.3σ
epi 0.025 0.002 0.025 1σ 0.1σ
ii) Neglecting lensing: ∆χ2 = 1632
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02532 0.02252 0.00652 0.5σ 0.1σ
ωcdm 0.1318 0.1259 0.0220 0.5σ 0.2σ
ns 0.9566 0.9446 0.0447 0.1σ 0.4σ
ln 1010As 2.478 2.547 0.424 1.4σ 1.2σ
H0
(
km
s·Mpc
)
63.80 60.63 5.45 0.6σ 1.2σ
mν (eV) 0.26 0.21 0.15 1.3σ 1σ
b0 1.427 1.380 0.305 1.4σ 1.2σ
c2s 0.429 0.562 0.251 2.3σ 1.7σ
w −0.48 −0.42 0.07 4.2σ 5.1σ
epi 0.103 0.167 0.051 2.σ 3.3σ
Table II. MCMC results for model I when considering flat
prior bounds in Table I. We show the mean, the best fit, the
standard deviation, and the shift of both mean and best fit
with respect to the fiducial values in units of the standard
deviation. Because the theoretical spectra are computed less
accurately than the observed spectra, deviations smaller than
0.2σ are not significant.
in Ref. [19], Planck tightly constrains this kind of DE
anisotropic stress.
As can be seen in Fig. 2, the Hubble constant H0
is under-estimated when neglecting the lensing and the
fiducial value is only recovered when the lensing is in-
cluded. This could potentially explain the Hubble ten-
sion as the difference between the mean values for the
under-estimated (no lensing) and fiducial (with lensing)
Hubble parameters is H0 = 61.99km/s/Mpc vs H0 =
66.51km/s/Mpc, hence a difference of ∼ 4.52km/s/Mpc.
Furthermore, we note again the existence of a degeneracy
of the Hubble parameter with b0, mν , w, epi, see Fig. 2,
which will require extra data to be broken.
Finally, the equation of state today w0, is again heavily
biased, hence highlighting that the lensing is very import-
ant for its accurate measurement as the difference of the
mean value from the MCMC, see Table III, is w0 = −0.57
(no lensing) vs w0 = −0.8 (fiducial).
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Figure 1. The 1-D and 2-D posteriors for the cosmological parameters in model I inferred from a consistent analysis including
lensing convergence (red) and an analysis neglecting lensing convergence (blue); we show 68% and 95% confidence contours.
The points where dashed vertical lines and dotted horizontal lines meet denote the fiducial cosmology. This analysis uses the
flat prior bounds in Table I.
V. FORECAST MODEL II: pide ∝ ∆de
In this section we will explain our results for an ana-
lysis of the cosmological model including a DE aniso-
tropic stress given by Eq.(18).
A. MCMC taking into account Planck constraints
As in Sec. IV, here we again use the 2015
Planck likelihood to compute cosmological constraints
through a MCMC analysis. Then, having computed
the covariance matrix C for the parameters ~x =
(ωb, ωcdm, ns, ln 10
10As), the χ
2 relative to the fiducial
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Figure 2. The 1-D and 2-D posteriors for the cosmological parameters in model I inferred from a consistent analysis including
lensing convergence (red) and an analysis neglecting lensing convergence (blue); we show 68% and 95% confidence contours.
The points where dashed vertical lines and dotted horizontal lines meet denote the fiducial cosmology. This analysis uses
information from the Planck constraints for the parameters ωb, ωcdm, ns, ln 10
10As, epi and flat prior bounds in Table I for the
remaining parameters.
model including the Planck prior is the ∆χ2 in Eq. (20)
plus the contribution in Eq. (21).
We use the code MontePython to explore the para-
meter space and the code Getdist to analyse the chains
and compute 1-D and 2-D posteriors (see Fig. 3) as well
as other statistical quantities shown in Table IV. As in
the previous section, red contours in Fig. 3 represent res-
ults for an analysis which consistently includes lensing
convergence while blue contours give results neglecting
lensing.
Although a consistent analysis (red contours) does not
show significant bias in the determination of cosmological
9i) Consistently including lensing: ∆χ2 = 0
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02169 0.02179 0.00124 0.4σ 0.3σ
ωcdm 0.1202 0.1205 0.0009 0.4σ < 0.1σ
ns 0.9633 0.9615 0.0030 0.5σ 0.1σ
ln 1010As 3.045 3.061 0.024 0.4σ 0.2σ
H0
(
km
s·Mpc
)
66.51 66.27 1.10 0.4σ 0.6σ
mν (eV) 0.10 0.10 0.07 0.5σ 0.6σ
b0 1.010 1.007 0.018 0.6σ 0.4σ
c2s 0.467 0.464 0.260 2σ 2.1σ
w −0.80 −0.80 0.03 0.1σ 0.1σ
epi 0.002 0.001 0.009 0.2σ 0.1σ
ii) Neglecting lensing: ∆χ2 = 1635
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02114 0.02149 0.00152 0.7σ 0.5σ
ωcdm 0.1203 0.1199 0.0011 0.2σ 0.6σ
ns 0.9629 0.9625 0.0039 0.3σ 0.2σ
ln 1010As 3.046 3.041 0.030 0.3σ 0.5σ
H0
(
km
s·Mpc
)
61.99 60.46 1.71 2.9σ 3.8σ
mν (eV) 0.19 0.18 0.09 1.4σ 1.4σ
b0 1.059 1.061 0.022 2.7σ 2.8σ
c2s 0.241 0.074 0.245 3.1σ 3.8σ
w −0.57 −0.47 0.08 2.9σ 4.3σ
epi 0.024 0.042 0.027 0.9σ 1.6σ
Table III. MCMC results for model I when considering in-
formation from the Planck constraints for the parameters ωb,
ωcdm, ns, ln 10
10As, epi and flat prior bounds in Table I for
the remaining parameters. We show the mean, the best fit,
the standard deviation, and the shift of both mean and best
fit with respect to the fiducial values in units of the standard
deviation. Because the theoretical spectra are computed less
accurately than the observed spectra, deviations smaller than
0.2σ are not significant.
parameters, we note that the neutrino mass mν , the ef-
fective sound speed log c2eff , and the DE anisotropic stress
parameters are not well constrained by our configuration.
The main shift (& 2σ) with respect to the fiducial value
is for the parameter controlling the DE anisotropic scale
dependence, namely, log gpi.
Neglecting the lensing convergence in the analysis
brings about pronounced shifts (≈ 2 − 7σ) in the mean
and the best fit values with respect to the fiducial model.
The most affected parameters are the Hubble constant
H0, the bias b0, and the equation of state w. Again in
this case, the Hubble parameter H0 is under-estimated
when the lensing convergence is neglected, in agreement
with what we found for the previous model.
As in the case of model I discussed in the previous
section, we note that a more general model including
an internally sourced DE anisotropic stress can remove
the spurious detection of the neutrinos mass found in
previous studies [33, 37].
i) Consistently including lensing: ∆χ2 = 0
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02216 0.02213 0.00016 0.2σ 0.3σ
ωcdm 0.1208 0.1212 0.0013 0.2σ 0.5σ
ns 0.9615 0.9589 0.0050 0.1σ 0.6σ
ln 1010As 3.053 3.049 0.025 0.1σ 0.3σ
H0
(
km
s·Mpc
)
66.74 67.18 0.98 0.2σ 0.3σ
mν (eV) 0.09 0.06 0.06 0.6σ < 0.1σ
b0 1.009 1.004 0.020 0.5σ 0.2σ
log c2eff −0.456 −0.366 0.365 1.2σ 1σ
w −0.81 −0.81 0.03 0.2σ 0.2σ
fpi 5.2 5.1 2.1 0.1σ 0.1σ
log gpi 15.5 19.0 8.7 1.8σ 2.2σ
ii) Neglecting lensing: ∆χ2 = 1637
Parameter Mean Best fit σ shift: Mean Best fit
ωb 0.02216 0.02221 0.00017 0.1σ 0.2σ
ωcdm 0.1207 0.1202 0.0014 0.1σ 0.2σ
ns 0.9619 0.9624 0.0051 < 0.1σ 0.1σ
ln 1010As 3.052 3.058 0.029 0.1σ 0.1σ
H0
(
km
s·Mpc
)
64.00 64.02 0.95 3.1σ 3.1σ
mν (eV) 0.13 0.12 0.06 1.1σ 1σ
b0 1.048 1.045 0.023 2.1σ 2σ
log c2eff −1.530 −2.044 1.149 1.3σ 1.8σ
w −0.65 −0.65 0.02 6.7σ 6.8σ
fpi 4.1 5.7 2.6 0.3σ 0.3σ
log gpi 14.7 11.4 8.7 1.7σ 1.3σ
Table IV. MCMC results for model II when considering in-
formation from the Planck constraints for the parameters ωb,
ωcdm, ns, ln 10
10As and flat prior bounds in Table I for the
remaining parameters. We show the mean, the best fit, the
standard deviation, and the shift of both mean and best fit
with respect to the fiducial values in units of the standard
deviation. Because the theoretical spectra are computed less
accurately than the observed spectra, deviations smaller than
0.2σ are not significant.
Finally, although the DE anisotropic parameters are
not well constrained, they do not reach the prior flat
bounds, chosen to be as general as possible, because of
stability reasons [19]. Also, again in this case we see sev-
eral parameters being correlated and in particular strong
degeneracies between H0−w, H0−b0 and b0−mν which
will require other external data to be broken.
VI. CONCLUSIONS
We are witnessing the coming of new, improved data
sets that will require careful modeling of observables if
biased cosmological constraints are to be avoided. This
paper joins previous investigations and demonstrates
that relativistic effects such as lensing convergence play
an important part in the analyses of upcoming galaxy
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Figure 3. The 1-D and 2-D posteriors for the cosmological parameters in model II inferred from a consistent analysis including
lensing convergence (red) and an analysis neglecting lensing convergence (blue); we show 68% and 95% confidence contours.
The points where dashed vertical lines and dotted horizontal lines meet denote the fiducial cosmology. This analysis uses
information from the Planck constraints for the parameters ωb, ωcdm, ns, ln 10
10As and flat prior bounds in Table I for the
remaining parameters.
surveys and cannot be neglected any longer.
Previous works have shown an impact on cosmological
parameter estimation by considering cosmological models
including parameters such as non-Gaussianity, neutrino
masses, and DE equation of state. Here we have further
investigated the subject by using a cosmological model
describing DE by a constant equation of state, constant
sound speed, and non-vanishing anisotropic stress.
As a first attempt, we considered two phenomenolo-
gical models for DE anisotropic stress whose behavior
covers general features found in DE and MG models and
are therefore enough for our purpose. On the one hand,
11
a DE anisotropic stress sourced by matter perturbations
(model I) which could emerge from coupled DE models or
DGP-like theories. On the other hand, a DE anisotropic
stress sourced by DE perturbations (model II) whose be-
havior resemble that found in some MG models.
We carried out forecasts for an Euclid-like galaxy sur-
vey, including also information from the publicly avail-
able Planck Legacy Archive. We found that a Euclid-like
galaxy survey alone will be able to put tight constraints
on DE anisotropic stress of type model I. The latter will
be true if lensing convergence is consistently included in
the analysis. Neglecting lensing will bring about a biased
equation of state –as found in previous analyses– and an-
isotropic stress parameters. The picture changes when
we add information from the Planck satellite because it
helps to pin down several cosmological parameters in-
cluding the anisotropic stress and break degeneracies.
This however, does not remove the shift in the equa-
tion of state, which in turn, brings along a shift in the
Hubble constant and the galaxy bias. When we per-
formed the analysis considering model II, we found sim-
ilar biased constraints when neglecting lensing conver-
gence. In the case of model II however a consistent
analysis –including lensing convergence in the computa-
tion of number counts– joining Planck and an Euclid-like
satellite would not be able to fully constrain anisotropic
stress parameters. Interestingly, the analyses neglecting
lensing, produce Hubble constant values smaller than the
fiducial value, thus hinting at a possible resolution of the
current tension in H0, as many analyses do not yet prop-
erly include the lensing convergence.
Another interesting result concerns the estimation of
neutrino masses. Previous studies have found that ig-
noring lensing in analyses of future galaxy surveys would
result in spurious detections of the absolute mass scale for
these particles. Nevertheless, in this paper we found that
cosmological models including DE anisotropic stress and
neglecting lensing would yield relatively unbiased neut-
rino mass. This could be due to the fact that the DE
anisotropic stress may mimic the effect of the neutrino
mass, e.g. suppressing power at small scales, when neg-
lecting the lensing convergence. However, exploring this
issue theoretically is beyond the scope of the paper and
we have left it for a future project.
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